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ABSTRACT
Im proved e x p re s s io n s  a re  o b ta in e d  f o r  th e  r e a l ,  s t a t i c  p a r t  
€i(<0 and th e  im ag inary  p a r t  €a.(.uj) o f  th e  d i e l e c t r i c  c o n s ta n t  o f  sem i­
co n d u c to rs  in  th e  lo n g  w aveleng th  l i m i t  u s in g  th e  i s o t r o p i c ,  n e a r ly -  
f r e e - e l e c t r o n  band ap p ro x im atio n  (Penn m odel). E a r l i e r  c a lc u la t io n s  
o f  th e s e  fu n c t io n s  do n o t  s a t i s f y  th e  K ram ers-K ronig  r e l a t i o n s  and 
y i e l d  an e x c e s s iv e ly  l a r g e  r e s u l t  f o r  th e  - f  -sum r u l e .  The c o r r e c te d  
e x p re s s io n s  e l im in a te  th e s e  in c o n s i s te n c ie s .  V alues o f  th e  energy  gap 
betw een th e  bond ing  and a n ti-b o n d in g  s t a t e s  a re  o b ta in e d  f o r  diam ond, 
s i l i c o n  and germanium. £ i s  o b ta in e d  from  €a.(w) th ro u g h  th e  u se  
o f  th e  K ram ers-K ronig  r e l a t i o n .  The t h e o r e t i c a l  cu rv es  f o r  and
£ a (uj) a re  compared w ith  e x p e rim e n ta l r e s u l t s .  C o rre c te d  p a ra m e te rs  
f o r  th e  P h i l l ip s -V a n  V echten th e o ry  o f  i o n i c i t y  a re  o b ta in e d  th ro u g h  
th e  u se  o f  th e  im proved e x p re s s io n  f o r  G^Co) .
I .  INTRODUCTION
A lthough d e ta i l e d  band  s t r u c tu r e  c a lc u la t io n s  have been  u sed  
to  e v a lu a te  th e  d i e l e c t r i c  c o n s ta n t  f o r  sem ico n d u cto rs  w ith  e x c e l le n t  
r e s u l ts ,^ "  th e  a p p e a l Of approx im ate  c a lc u la t io n s  b a sed  on th e  i s o t r o p i c ,  
n e a r l y - f r e e - e l e c t r o n  ap p ro x im atio n  rem ains  s tro n g  due t o  p h y s ic a l  i n ­
s ig h t  g a in e d  from  th e  s im p l ic i t y  o f  th e  a n a ly t i c a l  r e s u l t s .  P r io r  to  
P e n n 's  in t r o d u c t io n  o f  a  n e a r l y - f r e e - e l e c t r o n  m odel, i s o t r o p i c a l l y  
ex ten d ed  t o  th r e e  d im ensions (Penn m o d e l) , o n ly  two crude  approxim a­
t io n s  t o  th e  s t a t i c  (1 0  = o) t r e a l  p a r t  o f  th e  d i e l e c t r i c  c o n s ta n t
e x is t e d .  The f i r s t  ap p ro x im atio n  was t o  u se  th e  f r e e
3 He le c t r o n  gas v a lu e  f o r  C ± > \^ ) • ’ In  th e  lo n g  w aveleng th
(cj-*-o) l i m i t ,  ( Ojo)-»-e»« in  th e  f r e e  e le c t r o n  gas m odel. However,
th e  t r e n d  o f  th e  «i dependence o f  6 . (o. d 'j i s  re a s o n a b ly  approx im ated  
* ^
away from  <j= o by th e  f r e e  e le c t r o n  e x p re s s io n  f o r  m a te r ia ls  whose 
G l ( o j o)  v a lu e s  a re  l a r g e .  Then, Callaw ay^ r e f in e d  th e  f r e e  e le c tr o n  
gas ap p ro x im atio n  by i n s e r t i n g  a r t i f i c i a l l y  an energy  gap betw een th e  
v a le n c e  and c o n d u c tio n  bands w i th o u t ,  how ever, m od ify ing  th e  wave 
f u n c t io n s .  U n like  th e s e  two a p p ro x im a tio n s , th e  Penn model a llo w s  f o r  
th e  fo rm a tio n  o f  s ta n d in g  waves a t  th e  zone edge and acco u n ts  f o r  th e  
c o n tr ib u t io n s  from  Umklapp p r o c e s s e s .  Penn c a lc u la te d  ^ i  C°j ^ ) by 
ap p ro x im atin g  th e  m a tr ix  e lem en ts f o r  th e  norm al and Umklapp p ro c e s s e s  
and o b ta in e d  an e x p re s s io n  f o r  £ ^ ( o ^ o )  . He a ls o  d e m o n stra ted  t h a t  
Umklapp p ro c e s s e s  make th e  dom inant c o n t r ib u t io n  t o  £^(o  j ) f o r  
sm a ll «|.
1
2Through th e  u se  o f  th e  Penn m odel, S r in iv a s a n  has pe rfo rm ed
c a lc u la t io n s  o f  ^ i ^ 0 ) * 0  f o r  even l a r g e r  v a lu e s  o f  th a n  w ere o b ta in -
7
ed by Penn. B ardasxs and Hone have u se d  th e  Penn model to  c a lc u la t e  
th e  im ag in a ry  p a r t  o f  th e  d i e l e c t r i c  c o n s ta n t  in  th e  lo n g  w aveleng th
®) l i m i t ,  ^ j ( W | ° )  . I t  can be shown t h a t  P e n n 's  e x p re s s io n
f o r  and B a rd a s is  and H one 's  e x p re s s io n  f o r  £ , . ( 10^ 0 ) do n o t
Q
s a t i s f y  th e  K ram ers-K ronig  r e l a t i o n .
9
P h i l l i p s '  th e o ry  o f  i o n i c i t y  o f  th e  chem ica l bond in  c r y s t a l s  
i s  b ased  upon th e  Penn model f o r  se m ic o n d u c to rs . In  P h i l l i p s ' th e o ry  
th e  average  energy  gap f o r  a  sem ico n d u cto r betw een th e  bond ing  and a n t i ­
bonding  l e v e l s ,  E , i s  c a lc u la te d  from  P e n n 's  e x p re s s io n  f o r  £j_(o}o) . 
E m p ir ic a l c o r r e c t io n s  f o r  d - s t a t e  e f f e c t s  have been  d e te rm in ed  by Van 
V e c h te n ^  t o  a llo w  th e  th e o ry  o f  i o n i c i t y  to  be ex ten d ed  t o  c r y s t a l s  
where th e s e  e f f e c t s  p la y  a  r o l e .
The f a i l u r e  o f  P e n n 's  e x p re s s io n  f o r  £ ^ (0 ) 0 ) and B a rd a s is  
and H one 's e x p re s s io n  f o r  (Wj ° )  t o  s a t i s f y  th e  K ram ers-K ronig
r e l a t i o n ,  co u p led  w ith  th e  f a c t  t h a t  P h i l l i p s '  th e o ry  i s  b ased  upon 
th e  Penn r e s u l t , p ro v id e d  th e  o r ig i n a l  m o tiv a t io n  f o r  th e  r e s e a rc h  upon 
which t h i s  t h e s i s  i s  b a se d . The p u rp o se  o f  t h i s  t h e s i s  i s  t o  d is p la y  
im proved e x p re s s io n s  f o r  th e  r e a l  and im ag inary  p a r t s  o f  th e  d i e l e c t r i c  
c o n s ta n t  o f  sem iconducto rs  in  th e  lo n g  w av e len g th  C ^ -^ o ) l i m i t  
th ro u g h  th e  u se  o f  th e  Penn m odel. W ith in  th e  c o n te x t o f  th e  Penn model 
no f u r t h e r  a p p ro x im atio n s  a re  u sed  f o r  th e  e le c t r o n  e n e rg y , and th e  
m a tr ix  e lem en ts  a re  more g e n e ra l  th a n  th o s e  employed by Penn. In  chap­
t e r  I I  th e  c o m p le x .d ie le c t r ic  fu n c t io n  f o r  a  c r y s t a l  i s  e x p re s se d  in  
th e  ex ten d ed  zone scheme by u se  o f  th e  s e l f - c o n s i s t e n t - f i e l d  approach
3o f  E h re n re ic h  and C o h e n .^  In  c h a p te r  I I I  th e  e x p re s s io n s  f o r  6 1 ( 0 , 0 ) 
and 6 .3.(o>,o) a re  c a lc u la t e d .  In  c h a p te r  IV th e  K ram ers-K ronig  r e l a ­
t io n  i s  shown to  be s a t i s f i e d  by th e  im proved e x p re s s io n s  f o r  G^(ojo)  
and C^Cojjo) , w hich i s  th e  f i r s t  tim e  t h a t  t h i s  h as  been  d em o n stra ted  
f o r  d i e l e c t r i c  c o n s ta n ts  c a lc u la te d  by u se  o f  th e  Penn m odel. Then
*s c a lc u la te d  from  6 x ( u ) ; o) hy u se  o f  th e  K ram ers-K ronig
r e l a t i o n .  F i n a l l y ,  i t  i s  shown t h a t  £ 3. ( 1*^ 0 ) c lo s e ly  s a t i s f i e s  th e  
f  1 2■f -sum  r u l e .  In  c h a p te r  V, v a lu e s  f o r  th e  energy  gap o f  diam ond, 
s i l i c o n  and germanium a re  o b ta in e d  from  e x p e rim e n ta l v a lu e s  o f  6 3 (0 , 0 ) . 
N ex t, th e  t h e o r e t i c a l  c a lc u la t io n s  o f  G^CuJjo) and £ 3. ( ^ 0 ) a re  
compared w ith  e x p e r im e n ta l  r e s u l t s .  In  c h a p te r  VI t h e  im p l ic a t io n s  o f  
th e  im proved e x p re s s io n  f o r  6 ^ ( 0 , 0 ) on P h i l l i p s '  th e o ry  o f  i o n i c i t y  
a re  d is c u s s e d .
I I .  THE SELF-CONSISTENT-FIELD METHOD FOR 
CALCULATION OF
To b e g in ,  th e  E h re n re ic h  and Cohen'*''*' s e l f - c o n s i s t e n t - f i e l d  
approach  w i l l  b e  u sed  to  c a lc u la t e  th e  g e n e ra l  e x p re s s io n  f o r  
in  th e  ex ten d ed  zone schem e. The s in g le  p a r t i c l e  quantum  m echan ica l 
a n a lo g  t o  th e  L io u v i l le  e q u a tio n  i s
w hich d e s c r ib e s  th e  re sp o n se  o f  any p a r t i c l e  o f  th e  system  t o  th e : s e l f -  
c o n s i s t e n t  p o t e n t i a l  . p i s  th e  s in g le  p a r t i c l e  d e n s i ty  o p e r­
a to r .  H i s  th e  t o t a l  one p a r t i c l e  H am ilton ian
H =  Ho ^  , (2 )
where H , i s  th e  H am ilto n ian  f o r  th e  e le c t r o n  in  th e  u n p e r tu rb e d  p e r io d ic
l a t t i c e .  Ho w h ere , in  g e n e r a l ,  i s  a  B loch  fu n c t io n
V * Vc« r
\ k =  llT  * e  * The o p e ra to r  i s  expanded as
f  *  f C0) + P (1).
p ‘« \ ! c >  =  (3 )
where / 0 (Ejc^ i s  th e  u n p e r tu rb e d  d i s t r i b u t i o n  f u n c t io n .  M t& j't) can 
be F o u r ie r  an a ly zed  in  th e  form
k
5M U , * )  =  Z  e ' ^ ,£  . ( m
f
E q u a tio n  ( l )  i s  l i n e a r i z e d  by n e g le c t in g  p ro d u c ts  o f  th e  ty p e  V f  ^  . 
E h re n re ic h  and Cohen p o in t  o u t t h a t  t h i s  ap p ro x im atio n  i s  e q u iv a le n t  to  
f i r s t - o r d e r  s e l f - c o n s i s t e n t  p e r tu r b a t io n  th e o r y .  I f  one ta k e s  th e  m a tr ix  
e lem ents o f  ^  betw een  s t a t e s  kj. and ka. , th e  fo llo w in g  i s  o b ta in e d
<  t ,  1 f lu
=  ( V +  (? )
where r* i s  th e  p o s i t i o n  o p e ra to r .
'V-
< W j . i , ' t ) l f e - >  =  Z  (6 >
-V.
The p o t e n t i a l  V c o n s is t s  o f  an e x te r n a l  p o t e n t i a l  V0 p lu s  th e  
s c re e n in g  p o t e n t i a l  i s  r e l a t e d  t o  th e  induced  change in  e le c t r o n
d e n s i t y ,
t„ =  t .  { A » - t ) f a ' }
k* 1
W  ’
6"by P o is s o n 's  e q u a tio n
V s- Vs =  -  H - T r e ^ n  , ( 8 )
where th e  e l e c t r o n i c  ch arg e  i s - ® .  From e q u a tio n s  (1 0 , (7 ) and (8 ) ,  
th e  fo llo w in g  e x p re s s io n  i s  o b ta in e d ,
v s c ^ ,-t) =  -j S ?  2 L  < v . U Ir - s \ u X ^ l f <1)l b > .  (9)
Im agine t h a t  th e  e x te r n a l  p o t e n t i a l  ( ^ ," 0  a c ts  on th e  s y s -
tem w ith  tim e  dependence e  e  , where 0  c o rre sp o n d s  to  an
a d ia b a t ic  tu r n in g  on o f  th e  p e r tu r b a t io n .  T h is  p o t e n t i a l  p o la r i z e s  th e
13system . I t  fo llo w s  from  th e  d e f i n i t i o n  o f  th e  d i e l e c t r i c  c o n s ta n t ,  
t h a t  i s ,  D (u ) ^ )  =  6 (0^ )  £(u>, , and from  th e  F o u r ie r  a n a ly s i s  p r e ­
s c r ib e d  by  e q u a tio n  ( 1+) th a t
=  i s  ‘  * 1  • d o )
The p o la r i z a t io n  i s  r e l a t e d  t o  th e  in d u ced  change in  th e
e le c tr o n  d e n s i ty  by V * P  = e  <fn o r  e  • S ince a
lo n g i tu d in a l  d is tu rb a n c e  i s  b e in g  c o n s id e re d ,
_ U  ?(<\ , - t )  -  e  * " < ! ) * )  ,  (1 1 )* A/
and th e  e l e c t r i c  f i e l d  i s  g iv en  by
7(12)
I t  i s  assumed t h a t  k ll and ^ >"0 have th e  same tim e  de­
pendence as M o ( ^ j - t )  I f  t h i s  assum ption  i s  u sed  in  e q u a tio n  ( 5 ) ,
th e  fo llo w in g  i s  o b ta in e d
< w » w .  (13 )
From e q u a tio n s  (7 ) and (1 3 ) ,  th e  fo llo w in g  e x p re s s io n  i s  o b ta in e d
<U =  A  J L  _ _ K ( £ & )  -  £  ( E ja .) ]
£ jt* -  E ^  -  *  u + f t  *
X < y  = 1 i '  S  \  v > >  <  V i  I V  ( »  , t )  l w >  . w ‘1
Examine k ,. | C * 1  |
<  kzi k i>  -  -JZ f  dre e ‘^ + 1 (re)  u^(re)(
''f t  AT AT (15)
8The i n t e g r a l  o v e r  th e  volume may be w r i t t e n  as a  sum o f  i n te g r a l s  o v e r 
each  u n i t  c e l l . ^
ka. I e l ~  j T  f  <&e e ‘^ 1 + i  U^Cre)
‘ ii> ~ ^
unH 
c e  It
ifThe fu n c t io n s  a r - p e r io d ic  in  th e  l a t t i c e ,  so
■V ^  <v» ^
th e  i n t e g r a l  o v e r  th e  i t h  u n i t  c e l l  can be t r a n s l a t e d  t o  th e  i n t e g r a l  
ov er th e  z e ro th  c e l l  by chang ing  v a r i a b le s  t o  ( r e — R( ) . Then i t
can be shown t h a t
<  Wl e vi ' ~  \|<i2 -  37- 2 1  ^Vt. , Wi + V + g /
G ~
v  C j 4 K ^ i+ ^ - V a W  *
X '  ~  ^ '  ~ V & ’ V * 1
UnH
cell
b ecau se  th e  i n t e g r a l  i s  in d ep e n d e n t o f  th e  ch o ic e  o f  u n i t  c e l l .  H i s  
th e  number o f  u n i t  c e l l s  i n  th e  volume i l  . G* i s  one o f  th e  
s e t  o f  r e c ip r o c a l  l a t t i c e  v e c to r s  r e q u i r e d  t o  s a t i s f y  th e  d e l t a  fu n c ­
t i o n .  The m a tr ix  e lem en t can be w r i t t e n  as fo llo w s :
<  ~  l ) l l /  “  ^  a k^tfe)VT ** /  LI *■*** zeiro'th
u n H
c e l l
j
S ince  e  - i s  p e r io d ic  in  th e  l a t t i c e ,  th e  i n t e g r a l
o v e r  th e  z e ro th  c e l l  i s  e q u iv a le n t  t o  th e  i n t e g r a l  o v e r any u n i t  c e l l
9and th e  m a tr ix  e lem en t hecomes
<  k* I e‘ 1 ’*• \ki> - ^  ki+^ 42 ' e J
£
(17)
From e q u a tio n s  ( l ^ ) ,  (U) and ( I T ) 9 one f in d s
,  lim  1 5 “  T "  i  k ,  G/
h  = «  J .  ^  S ^ j + S  ^
x  f  (e ^)  -  £  r
E k » - E kl * '•* •*  <l8)
X  < 1*1 > » ! , - * )
w hich re d u c e s  t o  th e  e x p re s s io n
V,m 4- T  T  C / . ( E b ) - < ( ' » ) ]
= & W  J S i s
~  ~ (19)
X V C ^ '  +  c 7-  £ , * ) .
Through th e  use  o f  e q u a tio n s  (it) and  ( 8 ) ,  i t  can a ls o  he shown t h a t
= i s # - '  . <2°>
Large v a lu e s  o f  «l in  \l s  ( a "t ) o r  «fn( cl . " t)  a r e  n o t o f
A« '
i n t e r e s t  b ecau se  th e y  w ould c o n tr ib u te  s p a c i a l l y  r a p id  f l u c tu a t io n s  in  
(^ e  , "t) a*1*1 t h a t  av e rag e  o u t in  th e  stun o v e r .
L ik e w ise , l a r g e  v a lu e s  o f  ^ in  e "  ‘ 1 ’ a re
n o t o f  i n t e r e s t .  V(<j ; +  G* -  G -fc) in  e q u a tio n  (19) f o r  G ^  £  
would be  a s s o c ia te d  w ith  a  component t h a t  i s  s p a t i a l l y  a  r a p id ly  v a ry ­
in g  fu n c t io n  and a ls o  te n d s  t o  be av e rag ed  o u t o v e r s p a t i a l  re g io n s  o f  
i n t e r e s t .  T h is i s  e q u iv a le n t  to  n e g le c t in g  l o c a l  f i e l d  c o r r e c t io n s  as 
E h re n re ic h  and Cohen^"*" have done. T h e re fo re , i t  i s  r e q u i r e d  t h a t  G -&  
and & n  becomes
_ l  y  .-'it [ ? . < % ) -
o n  =  u -* o  S i. L __ , —S.------------------ =-------t  T y---------- V(<l \  - t ;L. L .1 c J  E l. — E l. — •feto 4- 1 A i
i n  can  be w r i t t e n  as
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For th e  e a se  o f  w r i t i n g ,  k< can he r e p la c e d  hy  k , r e by r  and 
g '  by G
Then i s
M l  , * )  =  S 5 .  U ( E s n + s W . t e ^ 1  _
J 1  j£ )§. Efc-v<^+ G — E j ^ - ^ 1 * ; + I'VT-t
X K i U - ; » ' l t U ^ > f .  <23>
From e q u a tio n s  ( 1 0 ) ,  ( l l ) ,  and ( 1 2 ) ,  th e  fo llo w in g  e x p re s s io n  f o r  
€ (<*J  ^ <j )  i s  o b ta in e d ,
« <“ > 1 )  -  1 -  ■ < * )
.V ’
The com bina tion  o f  e q u a tio n s  (23) and ( 2 h ) y i e ld s
= i - It. ■&£ £
k>£ + ~ -fcuj
X  \ < t  | e - i l , s U * i  +  g > \ ‘ > (25)
in  th e  ex te n d e d  zo n e ."^
The complex d i e l e c t r i c  fu n c t io n  i s  d e f in e d  h e re  as
-  € i ( u}) 3 ,) -  i } (2 6 )
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so t h a t  £i («J *j) w i l l  be a  p o s i t i v e  q u a n t i ty .  E q u a tio n s  (25)  and (26) 
g iv e  f i n a l  e x p re s s io n s  f o r  ( uj >  ^ »
£i ( “ j i )  =  1 -  4 5 r £
1 )s,s
X [J.  ( ^ m + g )  - / . ( € * ) ]  P  (  Efe + 1 + £  } ( 27)
where P (  ) in d ic a te s  th e  p r in c i p a l  v a lu e ,  and
=  ~  * £ s r  I .  l < k  W - ' ' t M u i + £ > f
1 k .G<V) Al
*  ^  ( E k+^-VG ) -  / .  ( E k ) l  ( ^ k + ^  + G ~  j (28 )
where ( )  i s  th e  D irac  d e l t a  f u n c t io n .
These e x p re s s io n s  f o r  a*1*! ^ ( w  ) have been
^  <v
d e r iv e d  s t a r t i n g  from  a  one e le c t r o n  H am ilto n ian  so  some e le c t r o n  c o r­
r e l a t i o n  e f f e c t s  a re  n e g le c te d .  A ls o , l o c a l  f i e l d  c o r r e c t io n s  have 
been  n e g le c te d .  Both o f  th e s e  ap p ro x im atio n s  r e s t r i c t  th e  v a l i d i t y  o f  
£ ,  (u j a ) and 6 X ( «*»> <\ )  t o  a < <  w here 4  i s  a
'  /W <V I
l a t t i c e  p a ra m e te r . The n e g le c t  o f  e le c t r o n  c o r r e la t io n s  a ls o  p la c e s  a 
r e s t r i c t i o n  on th e  freq u en cy  where can con_
s id e r e d  good a p p ro x im a tio n s . I t  i s  th o u g h t t h a t  a t  f re q u e n c ie s  on th e
13
o rd e r  o f  th e  p lasm a fre q u e n c y  th e  e x p re s s io n s  f o r  (u»^ ) and
( w j <^ ) may he s u b je c t  t o  in a c c u r a c ie s .
III. CALCULATION OP 6 t (o) AND 6t Cu)) 
USING THE PENN MODEL
At ze ro  te m p e ra tu re , ■£ ( E l )  becomes th e  o c c u p a tio n  number 
. E q u a tio n s  (27)  and (28)  th e n  become
= i  -  W  2 1  l < k \ « - i* t l w +s > r
!S)£
X + G -  P (  E j, + 1 + g -  E k - * “  )
and
K U ^ I ^ l + s X
1 k .S
x  [ Mf c+i +s  ~  M  (  e * + i+ £  "  ' * “0  )
(29)
(30)
r e s p e c t iv e ly .
The q u a n t i t i e s  o f  i n t e r e s t  a r e  £ ^ (o } and 6 3 . (w, «j ) in  th e
2l i m i t  as goes t o  z e ro .  The Penn m odel can b e  u se d  t o  o b ta in  c lo s e d  
form  e x p re s s io n s  f o r  th e s e  q u a n t i t i e s  from  e q u a tio n s  (29)  and ( 30 ) .  The 
model i s  e q u iv a le n t  t o  th e  n e a r l y - f r e e - e l e c t r o n  model ( s e e  f ig u r e  l ) ,  
i s o t r o p i c a l l y  ex ten d ed  t o  t h r e e  d im en sio n s . The e n e rg ie s  o f  th e  two
li t
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bands a re  g iv en  by
K  -  *  (  K  -  Ei ' 1 1 ( £i -  * k f  + « » ] *  }  ( <31>
w here E k =  and k x = k -  Z k F^  . V? ^  i s  th e  Ferm i wave
v e c to r .  The wave fu n c t io n s  a re
, i . ±  e * * ' *  f  1  -  Pk  1
k “  JiV*- I  E 1  + ( P ^ ) ’’3 V4 '  ) (k32^
where ^  ^  ±  ^ y .  ^  E^ V T  • In  th e  p re c e d in g
e x p re s s io n s ,  th e  -  and + s u p e r s c r ip t s  r e f e r  t o  k in  th e  f i r s t  
B r i l l o u in  zone (Jo n es  zone) and in  th e  second  B r i l l o u in
zone , r e s p e c t iv e ly .
S in ce  and C ^ Cu i ^ )  a re  o f  i n t e r e s t  in  th e  l i m i t  as
<| goes t o  z e ro ,  f o r  a  g iv en  k ^  th e n  W* =  k ^  -t- <| does n o t
have an in d ep en d en t r e c ip r o c a l  l a t t i c e  v e c to r  i f  th e  a n g le  betw een 
and k* i s  s m a lle r  th a n  th e  s m a l le s t  a n g le  betw een th e  r e c ip r o c a l  l a t -  
t i c e  v e c to r s  o f  i n t e r e s t  in  a  r e a l  c r y s t a l .  T h is  i s  known as th e  
S r in iv a s a n  c o n d i t io n .^  S r in iv a s a n  a rg u es  t h a t  in  a  r e a l  c r y s t a l  th e r e  
a re  o n ly  a  d i s c r e t e  number o f  r e c ip r o c a l  l a t t i c e  v e c to r s ,  so a s s ig n in g  
s e p a r a te  r e c ip r o c a l  l a t t i c e  v e c to r s  t o  a l l  k« and k». i s  n o t  p h y s ic a l .  
In  th e  fo llo w in g  c a lc u l a t i o n s ,  t h i s  c o n d it io n  sh o u ld  d e f i n i t e l y  h o ld  
s in c e  ^ i s  alw ays sm a ll and w i l l  f i n a l l y  be a llo w ed  t o  go t o  z e ro .
T here a re  two v a lu e s  o f  §  a s s o c ia te d  w ith  th e  Penn m odel: £  = o w hich
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co rre sp o n d s  t o  th e  norm al p r o c e s s ,  and G =  - Z k F^  w hich c o rre sp o n d s  
t o  th e  Umklapp p r o c e s s .  S in ce  th e  S r in iv a s a n  c o n d it io n  i s  u s e d , k 
and k-v have th e  same r e c ip r o c a l  l a t t i c e  v e c to r ,  — zk^^c ( se e  f ig -  
u r e  2 ) .
I f  e q u a tio n s  (31 ) and (32 ) a r e  s u b s t i t u t e d  in  e q u a tio n  (2 9 ) ,  
th e  fo llo w in g  e x p re s s io n  i s  o b ta in e d  f o r  (o ) :
6 j _ ( o )  1  a -* o  a * A . ^ r— L  " k + « |  J  c  +
1 k ~  1 “  H
_ i'ii" E  t  s k\ ,  -  \ < n  « - ' 'V M f c 'n > r
1 -  i ' - o -  X  u  X[T,
5 + 1
For th e  second te rm , two p o s s i b i l i t i e s  e x i s t  t h a t  g iv e  r i s e  t o  nonzero  
c o n tr ib u t io n s  t o  £ ^(°) : k  in  th e  f i r s t  B r i l l o u in  zone and d
in  th e  second  zo n e , and v ic e  v e r s a .  A s im i la r  s i t u a t i o n  e x i s t s  f o r  th e  
t h i r d  te rm . T h e re fo re , £^(o) can be w r i t t e n  as
. . .  . Km •V-reJ-'S" u r. .. -i \<k I e‘ ‘V£U +i > \
€ 4 ( 0 ) =  1 +  4 -  Si -  " k + iJ
_  V»w ± e s T  2 1  C l -  H* 1  \ 5 + ^  * e  - - - -
^  T  * 1 
+  ^  < f j L  A g  fc L 1  I - 1 e V +1 -  e ^
^  „  r .  « n  l < k l « ' i l ' i ' l s + l > r
— Iim j~.'lr£ -  Y  H l c ' + d l " ! ”  ^ k j — Z *-------------- -----------------
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In  th e  second  te rm  o f  th e  above e q u a tio n , l e t  k —+ — k -  4 ; and in  th e~  ~ J.
f i f t h  te rm , l e t  k -  k -  <^ + x V r  % , rem em bering t h a t  k ^  J c - a k F1t . 
S ince  E k i s  even in  k  ,  3  ^^+3, 3114 =  ^  1
L ik e w ise , th e  same th in g  i s  t r u e  f o r  N k .
< -  k -  £  \ e " ^ ‘£ 1 - J 6 >  =  (£ )  * " l l ~
s  (  <lr V'-t-d-C- C -t )  e '~  ~
•<0. ~
where r  -*■ -  r  in  th e  i n t e g r a l .  S in ce  th e  H am ilton ian  i s  i n v a r i a n t
 ^^  l6
u n d er space  in v e r s io n ,  -  ’/ k ( t )  > a p a r t  from  a  phase  f a c t o r ,
and |  <C- k ~ 1 ~  £  \ « “ *!** = r l)sM • E q u a tio n  (3b)
can now be w r i t t e n  as
f -  u _  | < U e - ' ‘ l ^ U n > r
e t (o) =  1 +  \To ^  h
-
S t a r t in g  w ith  e q u a tio n  ( 3 0 ) ,  (31) and (3 2 ) ,  by a  s im i la r  p ro c e d u re  i t  
can be shown t h a t
f  Z  “w l 1- V } 3  \<k
x t  ( C ,  -  s ;  - « - )  +  z  • i [ i - « i W \ < k » - - 4i - M k n > r/v i  ~  W
* E* '* " ) } ,
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where u> i s  r e s t r i c t e d  t o  p o s i t i v e  f r e q u e n c ie s .  1  f o r  ^  in  th e
f i r s t  B r i l lo u in  zone and Hl. = o f o r  k e lse w h e re .
The n e a r l y - f r e e - e l e c t r o n  m odel, i s o t r o p i c a l l y  ex ten d ed  to  
th r e e  d im e n s io n s , does n o t  co rre sp o n d  t o  any r e a l  c r y s t a l  s t r u c t u r e .  
However, t o  p e rfo rm  th e  i n t e g r a l s  f o r  th e  c a lc u la t io n  o f  th e  m a tr ix  
e le m e n ts , th e  p r o p e r t ie s  o f  a  r e a l  c r y s t a l  s t r u c tu r e  a r e  assum ed. 
E v a lu a tio n  o f  th e  m a tr ix  e lem en ts y i e ld s
l < t U ' ’IM !sn>r = Ci + CfinUMfinH !35)
and
(36)
where u se  has been  made o f  f jir *  o f o r  G O . I f  th e
'S I ~
e x p re s s io n s  in  e q u a tio n s  (35) and (36) a re  exam ined as te n d s  t o  z e ro , 
th e  le a d in g  te rm  goes as
K k l  e- ’l - l k + ^ r  =
_  ^  A -  71* (37 )
~  *f £**■+ A*
where z  = cos 0 * 0 i s  th e  a n g le  betw een Jk and ^ , x = 1 — ,
) V  \  ““ d '
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The norm al p ro c e s s  does n o t  c o n t r ib u te  t o  (o )  ^ o r
7
( u j )  s so e q u a tio n s  (33 ) and (3*0 become
and
H-TT^e
" " k J K : E  ■
s ( l |* z . )
z*A * 
4Cx*- + A*J
/  ( e £ '  -  Ey^ --Ifiw ) (39)
r e s p e c t i v e ly ,  w here th e  l i m i t  a s  ^ o  has been  ta k e n . The sum on 
k  o v e r th e  f i r s t  B r i l l o u in  zone i s  c o n v e rte d  i n to  an i n t e g r a l ,  and 
th e  i n t e g r a l s  a r e  perfo rm ed  e x a c t ly  t o  g iv e :
M * > =  1 + t - - I f (UO)
and
Ej. U )  = J2L%>
c 9,
4 v (Ul)
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t uv»-_ »* m ’ “1 — J  i s  th e  p lasm a e n e rg y , and E = *6 u»
E q u a tio n  (U l) h o ld s  f o r  E j — E  f: H-Ep and €x = 0 f o r  o th e r
v a lu e s  o f  E . The p ro ced u re  f o r  s e t t i n g  ^ = o d i r e c t l y  in  th e  d e l t a  
fu n c t io n  in  e q u a tio n  (39) i s  somewhat f a c i l e ,  h u t  i t  can h e  shown (se e  
Appendix A) t h a t  i f  i s  r e t a in e d  t o  second o rd e r  i n  th e  d e l t a  fu n c t io n , 
th e n  an e x p re s s io n  s im i la r  t o  e q u a tio n  (U l) i s  o b ta in e d  t h a t  h o ld s  f o r  
th e  energy  ran g e  E j  <  E 6.  U-E^ r (1  +  Zf)**-.
2
E q u a tio n  (U l) d i f f e r s  from  th e  r e s u l t  g iv en  hy P enn , €^(o)=
P  /  M \  3»
+  f. 1 1 - A + - T  A* 7 • Tlle f,ac'bor o f  3 a p p e a r in g  i n  th e
second  te rm  o f  e q u a tio n  (UO) i s  o f  p a r t i c u l a r  im portance  in  c a lc u la t io n s  
o f  a  hom opolar energy  g a p , E ^  » f rom m easured v a lu e s  o f  6 ^ ( o )  . The 
d i f f e r e n c e  a r i s e s  b ecause  o f  th e  two ap p ro x im atio n s  t h a t  Penn em ploys. 
The f i r s t  ap p ro x im atio n  i s  t h a t  th e  e le c t r o n  energy  i s  th e  f r e e  e le c t r o n  
energy  f o r  k < ( l - A ' )  k p  and f o r  k >  ( l + A )  Vp ; h u t  E k «  (l-A)Ep
f o r  ( l - A )  kp <  k <  kp and E^ «  ( i  + A) E p  f o r  kp <  k <  ( i+ A )  Vp. 
Perm in d ic a te s  t h a t  t h i s  a p p ro x im atio n  w i l l  in tro d u c e  an e r r o r  in  €^(<^) 
t h a t  i s  o f  o rd e r  —j±— w hich i s  s i z e a b le .  The second ap p ro x im atio n  
i s  t h a t  Penn u se s  th e  m a tr ix  e lem en t v a lu e s  a t  th e  B r i l l o u in  zone 
boundary  t o  p e rfo rm  h i s  c a lc u la t io n s .  These two ap p ro x im atio n s  te n d  
to  m axim ize th e  v a lu e  o f  ( o )  .
7E q u a tio n  (U l) d i f f e r s  from  th e  B a rd a s is  and Hone r e s u l t  by 
a  f a c t o r  o f * j ,  b u t  has th e  same f u n c t io n a l  dependence on Ep E3 j £p  
and E . In  th e  n e x t c h a p te r ,  a d d i t io n a l  ev id en ce  i s  p r e s e n te d  to  
su p p o rt th e  r e d u c t io n  b y ^  in  th e  s t r e n g th  o f  th e  a b s o rp t io n . F u r th e r ­
m ore, th e  e x p re s s io n  f o r  € » (« )  g iv en  by B a rd a s is  and Hone h o ld s  f o r  
th e  same re g io n  o f  fre q u e n c y  (o r  en erg y ) a s  e q u a tio n  (U l) ,  b u t  th e
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d e r iv a t io n  by th o se  a u th o rs  does n o t  make t h i s  c o n s t r a in t  on th e  
r e s u l t  e x p l i c i t .
IV. KRAMERS-KRONIG RELATION AND THE /  -SUM RULE
A. V e r i f i c a t io n  and A p p lic a t io n  o f  th e  K ram ers-K ronig  R e la tio n
The K ram ers-K ronig  r e l a t i o n  o f  i n t e r e s t  can be shown to  be
6 4(E) - 1 = %  ? f  J f W
E7* -  E
and f o r  E =  o ,
€ 4 (0 ) -  1  = \  * {  - i a .( ^ 4E
(1*2 )
(1*3)
Since the delta function in restr ic ts  i t s  non-zero range to
E3  <  4-Ef  (1+A* , the principal value sign can be
dropped. From equations (39) and (1*3),
.  e .* A * f c f  ( T  ( 1 - k ) M x  J E 7
€4(0) - 1 - x  3 j - g r
X ^ [ f E f  -  e ' ^ (Ul*)
The following expression is  then obtained for € 4  ( 0 ) :
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M o )  = 1 +  - I  - | £  [ t 1 4  '  A1  } 0*5)
w hich i s  in  com plete  agreem ent w ith  e q u a tio n  ( k o ) . Thus, th e  K ram ers- 
K ronig  r e l a t i o n  i s  s a t i s f i e d  by o u r e x p re s s io n s  f o r  £ ^ (o ) and €1(<o) , 
a  c o n d it io n  t h a t  i s  n o t  m et by th e  e x p re s s io n s  f o r  th e  d i e l e c t r i c  con­
s t a n t s  d e r iv e d  p re v io u s ly  u s in g  th e  Penn m odel. I t  can be shown e a s i l y ,  
f o r  exam ple, t h a t  Penn’ s e x p re s s io n  f o r  £ ^ (o ) and B a rd a s is  and Hone’ s 
e x p re s s io n  f o r  £a  ( E )  do n o t  s a t i s f y  e q u a tio n  (U3 ) .
For , th e  K ram ers-K ronig  r e l a t i o n  can be
used  t o  o b ta in  V E ) • From e q u a tio n s  (U l) and (U2) ,  i t  fo llo w s  t h a t
C 1 -  ( 1 - x f  Ax ___________
(U6)
w here th e  p r in c i p a l  v a lu e  s ig n  has been  d ropped  b e c au se  th e  i n t e g r a l  
e x i s t s .  ( E } can be w r i t t e n  as
€ j[ (E )  «  1  -v -%■ I ( t )
Ej ( V »
2k
where
1(E) = 3. f  T x * 4 (U8)
T his  e x p re s s io n  h a s  been  e v a lu a te d  n u m e r ic a l ly  f o r  s e le c te d  v a lu e s  o f  
A  (se e  c h a p te r  V).
F or E3 <  E <  H-Ep ( 1 4  , e q u a tio n  (1+6) can be w r i t ­
te n  as
e± (E )  -  l  = t* ;A^F L  p f — 1^-~* C . _____ (1+9)
where 4 =  [  ( T O )  “  and o <  d <  1 . A f te r
a  p a r t i a l  f r a c t i o n  e x p a n s io n , th e  i n te g r a t io n  can be p e rfo rm ed ; t h a t  i s ,  
th e  p r in c i p a l  va lue  e x i s t s .  F i n a l l y ,  €± (E) can be shown t o  be
r frr\ _  d -L E.3- f  £  -  _  A *(a -A *’ -3 -A (l+ A * )fe4 -« » a- + i )  ,
E ± ( E )  ^  |  ( 1 + A * ^ -  ( a N - A * ) ( l 4 A ^  +
A* T ,  ( •»*((i+A*)^ -(«»*4A!l)4i + A,--d)((l4A1-)j4 C«a-4Ai)^ 4- A*4°0 ^
1  «+“+£*-;*- |_ H  ( i - 4 ) ( i 4 d ) ( A C ‘*a4Aa ) ^  +  t f ') r  y
- X  ( d +  IN  I -  (  d ^ ) ( ( ^ ) k ( ^ ^  4  A" 4  o ) M  7
1  ^ ^  3 \<l-4)t(t+*)*(4*+tf)* 4 A4 - 4) )  J j
(50)
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E q u a tio n  (50) can be e v a lu a te d  f o r  a  g iv en  (o r  L  ) and v a r io u s  
v a lu e s  o f  E  . However, e x te n s iv e  c a lc u la t io n s  w ere n o t  pe rfo rm ed  f o r  
v a lu e s  o f  £  o u ts id e  th e  ran g e  in  w hich e q u a tio n  ( 5 0 ) h o ld s  s in c e  
e x p e rim e n ta l r e s u l t s  f o r  th e  sem iconducto rs  o f  i n t e r e s t  do n o t  e x i s t  
f o r  an energy  (o r  f re q u e n c y ) t h i s  l a r g e .  In  a d d i t io n ,  a  s u f f i c i e n t  
ran g e  o f  energy  has been  co v ered  t o  e s t a b l i s h  any t r e n d s  f o r  M E )
B. - f  -Sum R ule
The - f  -sum  r u le  can be w r i t t e n  in  th e  form
The e x p re s s io n  f o r  o b ta in e d  e a r l i e r  (e q u a tio n  1+1) can  be used
t o  sum th e  o s c i l l a t o r  s t r e n g th  and o b ta in
F or t y p i c a l  se m ic o n d u c to rs , L. i s  u s u a l ly  n e a r  0 .1 .  T h e re fo re , t h i s
th e  s im ple  two band model p ro p o sed  by Penn a r t i f i c a l l y  re d u c e s  th e  
t o t a l  o s c i l l a t o r  s t r e n g th  by e l im in a t in g  th e  p o s s i b i l i t y  o f  t r a n s i t i o n s  
t o  o th e r  b an d s . To e s tim a te  th e  im portance  o f  a d d i t io n a l  b a n d s , a  
n e a r l y - f r e e - e l e c t r o n , th re e -b a n d  m odel t h a t  i s  i s o t r o p i c a l l y  ex ten d ed  
t o  th r e e  d im ensions h as  been  u sed  t o  d e te rm in e  th e  e f f e c t  o f  in c lu d in g
O
(51)
(52)
v a lu e  i s  u sed  t o  o b ta in 0 ,83  S' Ey . E v id e n tly
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more energy  s t a t e s  on th e  4  -sum  r u l e  ( s e e  A ppendix B ). F o r A s  0.1 , 
e s s e n t i a l l y  th e  same r e s u l t  i s  o b ta in e d  w hich im p lie s  t h a t  th e  in c lu ­
s io n  o f  more en erg y  s t a t e s  does n o t im prove th e  s i t u a t i o n .  A p la u s ib le  
e x p la n a tio n  f o r  why th e  4 -sum  r u le  i s  n o t  s a t i s f i e d  e x a c t ly  i s  t h a t  
th e  n e a r l y - f r e e - e l e c t r o n  m odel y i e ld s  approx im ate  wave fu n c t io n s  and 
e n e rg ie s  b e cau se  a f u l l  s e t  o f  r e c ip r o c a l  l a t t i c e  v e c to r s  has n o t been  
em ployed.
The B a rd a s is  and Hone r e s u l t  f o r  €a,(u>) i s  a  f a c t o r  o f two 
l a r g e r  th a n  o u r s ,  and f o r  A =  ®-l g iv e s  -ijf' I E €a.(E)dE* i.l'TE ^*, 
a  r e s u l t  t h a t  i s  in  s i g n i f i c a n t  d isag reem en t w ith  th e  4  -sum r u l e .
I f  th e  ran g e  o f  energy  o v e r w hich th e  e x p re s s io n  f o r  € * .(£ )  i s  v a l i d  
i s  n o t  r e s t r i c t e d  when c o n d u c tin g  th e  i n t e g r a l ,  th e  d isc re p a n c y  i s  even 
l a r g e r .  The p r e s e n t  c a lc u la t io n  b r in g s  (E )  in  c lo s e r  agreem ent 
w ith  th e  4 -sum r u l e  b u t th e  t o t a l  o s c i l l a t o r  s t r e n g th  i s  to o  sm a ll 
in  th e  Penn m odel f o r  th e  - f  -sum r u l e  t o  be s a t i s f i e d  e x a c t ly .
V. COMPARISON OF THEORETICAL CALCULATIONS 
WITH EXPERIMENTAL RESULTS
To o b ta in  , th e  av erag e  energy  gap betw een th e  bond ing  and 
th e  a n tib o n d in g  l e v e l s ,  e q u a tio n  (1+0 ) can be ap p rox im ated  as
( 5 3 )
E x p erim en ta l v a lu e s  o f  6 4 (0) a re  5 .7*  12 and 16 f o r  diam ond, s i l i c o n  
and germ anium , r e s p e c t iv e ly .  From e q u a tio n  (5 3 ) ,  E^ i s  c a lc u la te d  to  
be 1 1 .2  eV f o r  diamond and 3 .9 2  eV f o r  s i l i c o n .  I f  Van V e c h te n 's  
e m p ir ic a l  v a l u e ^ D  i s  in c lu d e d  to  ta k e  i n to  a c co u n t d - s t a t e  e f f e c t s ,  
th e n  £^(o) becomes
1 +  ^ t £ [ i - ( - I l f ) ] .  <5M
F or diamond and s i l i c o n ,  D = 1 .0. However, f o r  germanium D = 1.25 
which r e s u l t s  i n  a  v a lu e  o f  3.53 eV f o r  E j  . These v a lu e s  f o r  E<j 
a re  low er th a n  th e  v a lu e s  o f  13.5 eV, U.77 eV, and lt.31 eV f o r  diam ond, 
s i l i c o n  and germ anium , r e s p e c t iv e ly ,  o b ta in e d  from  th e  Penn e x p re s s io n
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IT %f o r  G^Co) , "because o f  th e  p re se n c e  o f  th e  - j" ' i n  th e  e x p re s s io n
d e r iv e d  in  t h i s  t h e s i s .
The v a lu e  o f  1 1 .2  eV f o r  E j  f o r  diamond a g re e s  f a i r l y  w e ll
3.8w ith  H a r r i s o n 's  v a lu e  o f  1 0 .8  eV f o r  th e  c o v a le n t energy  o f  diam ond,
a lth o u g h  he h as  ta k e n  a  " b o n d -o rb ita l model approach  t o  th e  c a lc u la t io n
o f  th e  s t a t i c  d i e l e c t r i c  c o n s ta n t .  H a r r i s o n 's  c o v a le n t energy  v a lu e s
a re  3 .0  eV and 2 .7  eV f o r  s i l i c o n  and germ anium , r e s p e c t i v e ly ,  which
a re  s u b s t a n t i a l l y  s m a lle r  th a n  th e  v a lu e s  o b ta in e d  in  t h i s  t h e s i s .
However, H a rr iso n  in d ic a te s  t h a t  f o r  g roup IV sem ico n d u cto rs  w ith  a
s u f f i c i e n t l y  sm a ll gap a  P en n -ty p e  model p ro b a b ly  y i e ld s  b e t t e r  r e s u l t s ,
19b u t  t h a t  h i s  m odel i s  b e t t e r  f o r  l a r g e  g a p s , b ecau se  H a rr is o n  employs
th e  t i g h t - b in d in g  m ethod.
S ince  th e  d i e l e c t r i c  c o n s ta n t  a s s o c ia te d  w ith  a  lo n g i tu d in a l
d is tu rb a n c e  i s  e q u a l t o  th e  d i e l e c t r i c  c o n s ta n t  a s s o c ia te d  w ith  a  t r a n s -
11 13v e rs e  d is tu rb a n c e  in  th e  l i m i t  o f  sm a ll cj, * th e  energy  gaps o b ta in e d  
from  e q u a tio n s  ( 5 3 ) and ( 5 * 0  can  be u se d  t o  g e n e ra te  t h e o r e t i c a l  cu rv es  
f o r  €x(E ) by th e  vise o f  e q u a tio n  ( U l ) ,  w here E  i s  th e  o p t i c a l  en e rg y . 
F o r germ anium , E^ m ust be m u l t ip l ie d  by Van V e c h te n 's  D t o  ta k e  
in to  a c co u n t th e  e f f e c t s  o f  d c o re  s t a t e s  on 6 a.(E ') . F ig u re s  ( 3 ) ,  (U),  
and (5)  conpare  th e  t h e o r e t i c a l  c u rv e s  from  e q u a tio n  (Ul)  w ith  e x p e r i ­
m en ta l r e s u l t s .  To i l l u s t r a t e  th e  dependence o f  th e  t h e o r e t i c a l  r e s u l t  
on th e  v a lu e  o f  ,  th e s e  f ig u r e s  in c lu d e  an a d d i t io n a l  cu rve  f o r
an a r b i t r a r i l y  s e le c te d  E j . The e x p e rim e n ts !  r e s u l t s  f o r  s i l i c o n  and
20germanium a re  th o se  o f  P h i l l i p  and E h re n re ic h , w h ile  th e  e x p e rim e n ta l
21r e s u l t s  f o r  diamond sire th o s e  o f  P h i l l i p  and T a f t .  The t h e o r e t i c a l  
cu rv e s  f o r  E^ c a lc u la te d  from  G^(o) a g re e  f a i r l y  w e ll  w i th  th e
29
e x p e rim e n ta l r e s u l t s ,  b u t  do n o t  e x h ib i t  th e  s t r u c tu r e  o f  th e  e x p e r i­
m en ta l c u rv e s . T h is  i s  b ecau se  a l l  i n t e r a c t io n s  have been  ig n o re d , 
w ith  th e  e x c e p tio n  o f  th e  i n te r a c t io n s  o f  th e  e le c t r o n  w ith  th e  e l e c t r o ­
m agnetic  f i e l d  and th e  e le c t r o n  gas th ro u g h  th e  s e l f - c o n s i s t e n t - f i e l d
11 22 ap p ro x im a tio n . From t h e i r  d e t a i l e d  c a lc u la t io n s  H eine and Jones
have i d e n t i f i e d  th e  h ig h e r  energy  peak  o f  €3. (E ) w ith  Eg , w hich
i s  c o n s i s t e n t  w ith  th e  r e s u l t s  p re s e n te d  h e r e .
The t h e o r e t i c a l  cu rv e s  f o r  €j(E) a re  o b ta in e d  from  th e  K ram ers- 
K ron ig  r e l a t i o n  in v o lv in g  €t (E) . The t h e o r e t i c a l  v a lu e s  o f  Eg f o r
diam ond, s i l i c o n  and germanium a re  s u b s t i tu t e d  i n to  e q u a tio n  ( 4 6 ) .  For 
E <  Eg , th e  i n t e g r a l  i s  e v a lu a te d  n u m e r ic a l ly ;  f o r  Eg < E <  
th e  i n t e g r a l  i s  pe rfo rm ed  e x a c t ly .  In  f ig u r e s  (6 ) ,  (7)»  and ( 8 ) ,  th e  
t h e o r e t i c a l  cu rv es  a re  shown so  t h a t  a  com parison  can be drawn betw een 
them  and th e  e x p e rim e n ta l c u rv e s . In  a l l  c a s e s ,  th e  t h e o r e t i c a l  v a lu e s  
o f  €*(E) a re  f a r  to o  low e x c e p t a t  low e n e r g ie s ,  b u t  th e  t h e o r e t i ­
c a l  cu rv es  do e x h ib i t  some q u a l i t a t i v e  agreem ent w i th  t h e  e x p e rim e n ta l 
c u rv e s . The fo llo w in g  p o in ts  sh o u ld  be made. The Penn m odel h as  been  
u sed  so €x(E) i s  z e ro  f o r  E — Eg . The t h e o r e t i c a l  v a lu e s  f o r  
€ x (E ) a r e  g r e a t e r  th a n  th e  e x p e rim e n ta l v a lu e s  j u s t  above Eg b u t  a re  
l e s s  t h a t  th e  e x p e rim e n ta l v a lu e s  in  th e  h ig h  energy  t a i l s .  In  a d d i t io n ,  
th e  e x p l i c i t  band s t r u c t u r e  f o r  th e  c r y s t a l s  h as  n o t  been  in c lu d e d .
These p o in ts  accoun t f o r  th e  q u a n t i t a t iv e  d e p a r tu re s  o f  th e  t h e o r e t i c a l  
cu rv es  from  th e  e x p e rim e n ta l c u rv e s  f o r  €^ (E )  and f o r  th e  la c k  o f  
s t r u c tu r e  i n  th e  t h e o r e t i c a l  c u rv e s  f o r  € j.(E )  b ecau se  € t (E)  i s  o b ta in e d  
from  €x (E)  th ro u g h  th e  u se  o f  t h e  K ram ers-K ronig  r e l a t i o n .
V I. CONCLUDING REMARKS
Improved e x p re s s io n s  f o r  th e  r e a l  and im ag in ary  p a r t s  o f  th e
d i e l e c t r i c  c o n s ta n t  o f  sem ico n d u cto rs  in  th e  lo n g  w av e len g th  l i m i t  have
been  o b ta in e d  th ro u g h  th e  u se  o f  th e  Penn m odel. P h i l l i p s '  th e o ry  o f  
9
i o n i c i t y  i s  b a sed  on P e n n 's  e x p re s s io n  f o r  €^(o) r a t h e r  th a n  th e  im­
p roved  e x p re s s io n  g iv en  by e q u a tio n  (Uo). B efo re  th e  im p l ic a t io n s  o f  
th e  im proved e x p re s s io n  f o r  Gj_(o) on P h i l l i p s '  th e o ry  o f  i o n i c i t y  
a re  d is c u s s e d , a  b r i e f  summary o f  P h i l l i p s '  th e o ry  i s  in  o r d e r .
In  h i s  th e o r y ,  P h i l l i p s  p ro p o se s  t o  red u ce  th e  co m p lic a ted
bands in  k space  t o  s im p le  bond ing  and a n tib o n d in g  o r b i t a l s  f o r  
H *- H
b in a ry  A B c r y s t a l s  w here N i s  th e  number o f  v a le n c e  e le c t r o n s  
f o r  ty p e  A a tom s. The bond ing  and a n tib o n d in g  o r b i t a l s  a re  «fA + 
and , r e s p e c t i v e ly ,  w here and d e n o te  h y b r id iz e d
s  o r b i t a l s  s u i t a b le  f o r  t e t r a h e d r a l  c o o rd in a tio n  and \  i s
a  p a ra m e te r  whose v a lu e  m ust be o b ta in e d  v a r i a t i o n a l l y  o r  by  some 
o th e r  m eans. F o r a l l  c r y s t a l  s t r u c tu r e s  c o n s id e re d , th e  diam ond, 
z in c b le n d e , and r o c k s a l t  ty p e s  have two atom s p e r  u n i t  c e l l  w h ile  
th e  w u rz ite  ty p e  has fo u r  atom s p e r  u n i t  c e l l .  P h i l l i p s  in d ic a te s  
t h a t  a l l  t e n s o r i a l  p r o p e r t ie s  o f  w u rz ite  c r y s t a l s  can be e x p re sse d  
in  te rm s o f  th o s e  o f  z in c b le n d e  c r y s t a l s  i f  i n t e r a c t io n s  beyond th o se  
w ith  n e a r e s t  n e ig h b o rs  a re  n e g le c te d .  T hus, P h i l l i p s  co n te n d s  t h a t  he 
i s  j u s t i f i e d  in  c o n s tr u c t in g  m odels f o r  two atoms p e r  u n i t  c e l l .  
P h i l l i p s  ta k e s  h i s  p o t e n t i a l  t o  be  a  p s e u d o p o te n t ia l  t o  av o id  problem s
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w ith  c a se s  where th e  c o re s  o f  atoms A and B a re  n o t i s o e l e c t r o n i c .
W ith th e  c o o rd in a te  o r ig in  chosen h a lfw ay  betw een th e  two atom s in  th e  
u n i t  c e l l ,  he f in d s  t h a t  Ey, ( th e  av erag e  energy  gap betw een bonding  
and a n tib o n d in g  l e v e l s  c o n tr ib u te d  by c o v a le n t f o rc e s )  a r i s e s  from  th e  
even p a r t  o f  th e  p s e u d o p o te n t ia l  and C ( th e  av erag e  energy  gap betw een 
bond ing  and a n tib o n d in g  l e v e l s  c o n tr ib u te d  by io n ic  f o r c e s )  a r i s e s  from  
th e  odd p a r t  o f  th e  p s e u d o p o te n t ia l .  U sing th e  s t r u c tu r e  f a c t o r  appro ­
p r i a t e  t o  group IV e le m e n ts , he th e n  d e te rm in e s  th e  fo llo w in g  r e l a t i o n ,
i s  th e  av e rag e  energy  gap betw een 
bond ing  and a n tib o n d in g  l e v e l s .  H a rr iso n  ta k e s  e x c e p tio n  t o  P h i l l i p s '
u n iv e r s a l  e x te n s io n  o f  th e  s t r u c tu r e  f a c t o r  f o r  group IV e lem en t c ry s -
N *"M 19 r- r-t a l s  t o  a l l  o th e r  A B c r y s t a l s .  Ey, i s  e q u a l t o  in
th e  c a se  o f  a  p u re ly  c o v a le n t group IV c r y s t a l .  P h i l l i p s  a rg u e s  t h a t  
E y, sh o u ld  depend o n ly  on bond le n g th  X  . From P e n n 's  e x p re s s io n  
f o r  €^(o) , P h i l l i p s  c a lc u la t e s  Ey, f o r  diamond and s i l i c o n  and f in d s
- 1 . 5
t h a t  Ey, X  . From Ey, f o r  s i l i c o n  and th e  dependence on bond
M I'M
le n g th ,  he c a lc u la t e s  Ey, f o r  o th e r  t e t r a h e d r a l l y  c o o rd in a te d  A B
c r y s t a l s .  P e n n 's  e x p re s s io n  f o r  f^(o)  i s  m o d if ie d  by m u lt ip ly in g  each
v a lu e  o f  u jy  by a  c o r r e c t io n  f a c t o r  (Van V e c h te n 's  D1 0 ) t o  acco u n t f o r
th e  e f f e c t  o f  d - s t a t e  e le c t r o n s  in  o th e r  c r y s t a l s .  E ^  i s  c a lc u la te d
from  th e  m o d if ie d  Penn e x p re s s io n  and th e  o b se rv e d  d i e l e c t r i c  c o n s ta n ts .
Knowing Ey, and E j  , P h i l l i p s  can c a lc u la t e  C . P h i l l i p s  d e f in e s
C*
as th e  i o n i c i t y  and -fc a s  the. c o v a le n t f r a c t i o n ,  where -P; =  -rpr ,
E *■ 3
*fc “  H e 5 » 3114 "P; +  f c =  i
S in ce  ou r v a lu e s  f o r  diamond and s i l i c o n  c a lc u la te d  from
. - i . S
e q u a tio n  ( 5 3 ) a l s o  y i e l d  Ey, •< X , u se  was made o f  th e  fo llo w in g
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f l  \ i ' re x p re s s io n  t o  c a lc u la t e  f o r  o th e r  c r y s t a l s :  E ^ =  (3 .S le V ) .
E q u a tio n  (5*0 was u sed  to  d e te rm in e  E^ from  e x p e rim e n ta l v a lu e s  o f
( o )  . T hen , th e  v a lu e s  o f  C and •£* c o u ld  he found . The
v a lu e s  o f  , C , £ 3 * ^t have heen  c a lc u la te d  f o r  3U
c r y s t a l s .  A lthough th e  v a lu e s  o f  E ^  , C , and E j  a r e  s i g n i f i c a n t l y
d i f f e r e n t  from  P h i l l i p s  and Van V e c h te n 's  v a lu e s ;  in  g e n e r a l ,  th e  io n -
i c i t i e s  d i f f e r  o n ly  s l i g h t l y  from  th o se  o f  P h i l l i p s  and Van V echten (se e
T ahle  I ) .  The re a so n  f o r  t h i s  i s  t h a t  t h e  i o n i c i t y  as  d e f in e d  by  P h i l l i p s
i s  n o t s e n s i t i v e  to  th e  c o n s ta n t  which m u l t ip l i e s  4  [ 1  -  ( - & ) ]
^ IE
in  th e  e x p re s s io n  f o r  6 ^ ( 0  • In  f a c t ,  i f  th e  te rm  - f t  i s  n e g le c te d ,  
th e  i o n i c i t y  can be  shown t o  be  in d ep en d en t o f  t h i s  c o n s ta n t .  Thus, 
P h i l l i p s 1 m ajor r e s u l t ,  th e  c o r r e la t io n  o f  c r y s t a l  s t r u c tu r e  w ith  io n i ­
c i t y ,  i s  u n a f f e c te d  by th e  changes in tro d u c e d  th ro u g h  th e  im provem ents 
in  P e n n 's  c a lc u la t io n s .
T here a re  two p o s s ib le  a p p l ic a t io n s  o f  th e  im proved e x p re s ­
s io n  f o r  € j_ (o )  • The f i r s t  w ould be t o  c o r r e c t  th e  v a r io u s  v a lu e s  
o f  b in  Van V e c h te n 's  h y p o th e s iz e d  e x p r e s s io n ^  f o r  C w hich i s
C = b ( —A ^  where la i s  a  d im e n s io n le ss  con-
r * r ‘  1s t a n t ,  Ks i s  a  l i n e a r i z e d  s c re e n in g  wave number e q u a l t o  ^ ^  )
( d .  i s  t h e  Bohr r a d i u s ) ,  and R = ' T ' ( ' rA + 'r B )  • and r 8
17a re  c o v a le n t  a tom ic  r a d i i  f o r  atoms A and B , r e s p e c t iv e ly .  S ince  th e  
im proved e x p re s s io n  f o r  € i ( o )  r e s u l t e d  in  v a lu e s  o f  C s i g n i f i c a n t l y  
d i f f e r e n t  from  th o s e  o f  P h i l l i p s  and Van V ech ten , th e  c o rre sp o n d in g  
v a lu e s  o f  b  w i l l  d i f f e r  from  Van V ech ten ’s v a lu e s .  The su c c e s s  o f  
Van V e c h te n 's  h y p o th e s is  i s  judged  by how n e a r ly  c o n s ta n t  b  i s  f o r  
d i f f e r e n t  c r y s t a l s .  H is v a lu e s  o f  C v a ry  o v e r a  ran g e  o f  ab o u t a
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f a c t o r  o f  t e n ,  w h ile  h i s  )> v a lu e s  range  over a  f a c t o r  o f  abou t 3.
I t  rem ains t o  be seen  i f  b i s  more n e a r ly  c o n s ta n t  i f  t h e  im proved
v a lu e s  o f  C a re  u se d .
The second  a p p l ic a t io n  w ould be t o  r e in v e s t ig a t e  th e  e f f e c t
o f  p re s s u r e  on (o) by use  o f  th e  im proved e x p re s s io n  f o r  .
The p re s s u r e  v a r i a t i o n s  o f  €^(o) depend on th e  f u n c t io n a l  dependence
o f  €^(o) on . The m ajor change in tro d u c e d  in  6^(0) from  t h i s
xwork i s  th e  f a c t o r  o f  “f  d is c u s s e d  e a r l i e r .  However, th e  f u n c t io n a l  
form  o f  € i(o )  on A i s  a ls o  d i f f e r e n t .  The d i f f e r e n c e s  become more 
im p o rta n t a s  th e  v a lu e s  o f  A become l a r g e r .  Van V echten has u sed  
P e n n 's  e x p re s s io n  t o  d e te rm in e  th e  e f f e c t  o f  p r e s s u re  on € ^ ( 0 ) , b u t
th e  agreem ent he o b ta in e d  w ith  e x p e rim e n ta l r e s u l t s  i s  p o o r . T hus, 
t h i s  c a lc u la t io n  sh o u ld  be r e p e a te d  u s in g  th e  im proved e x p re s s io n  f o r  
€ 1 ( o )  .
VII. APPENDIX
A. Calculation of £3.(.uj) with  ^ Retained to Second Order
In th is appendix, equation (1*1) presented above for €3.(1 0 ) 
is  derived when terms to second order in are retained in the delta  
function » **( E V/-Vd * To perform the derivation,
equation ( 3 9 ) i s  used as a starting point with the exception that  ^
has not been set equal to  zero in the delta function.
6 . ( 6 ) =  P '  * 0  Ek - E ) ,  <A.D
~ V b .z . )
where E = -ft «o . To second order in c| , the energy difference is  
= EF | \ ( x a4A*)k - 2-x[l +
+  Tl V ( x * + i f k  +  V ] (A. 2)
where 7  ^= and x = 1 ------------.
The sum on k in the f ir s t  Brillouin zone is  converted into*0
an integral. The expression for €»(E) then becomes
€ ( E )  ~  \*,m Z 1 d - x f z ^ a x a x  U ( x* +A%f*
^  3.  ^  t ^ + A ‘ 3 1 I  r  L
- i X  ( l  + (x*+A*)"k ) l \ z  4 T fz ’- ^  + A T ^ + T t l - E ]  (A.3)
3k
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where the lower lim it on the x integration has been set equal to 0 . 
Although th is is  an approximation, since  ^ is  small but not equal 
to zero, i t  can be shown to introduce only terms of higher order in 
(| than w ill be retained.
The delta function can be written as
& [ $ ( x ) 3  = (A.fc)
where
f ( x )  = Ep f 4-(*‘+A’)K  -zx [l+ (x*+
+ V  } -  E
and — °
F irst, examine f(x ) and investigate the case where E = Eg . 
At x  = o , £ (o )  >  0 since the lim it as c| -* o has not been
taken. For X 0  and su ffic ie n tly  small, i t  can be shown that
* 0 0  >  0  for E = E^ • Therefore, the delta function cannot be 
sa tis fied  when E = E<j and th is  point contributes nothing to 6 a (E) . 
Next, 4*(x) i s  set equal to zero to determine x 0 ,
h-Cx* -  3-x +  ( x * + a t ^ 3 a z  +  n 9"2 *- ( x a + ^ ) " k
+ T\‘  -  -%- =  O . (A.5)
F
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I f  terms involving 7^  and are neglected, the solution is
• Now, le t  x, s  + X where X is  
small relative to x^ , and X, i s  the solution to (A.5). Binomial 
expansions are used and to second order in 7  ^ i t  can be shown that
X. S  Xi + A ( £ ) \ z  + B1 ( e ) - r f z :L + Bfc(E )T \a-) (A.6 )
where
A ( E )  = 4 :  L 1 +  )
b,(o = +  [ < & y  -  * t 4  t-i - w  - « o -  i
and
It can be shown that the expression for x„ is  valid  for E > E^  + <nnn) 
as long as x . — 1  , where < W )  is  a term of order n in
and o < n <  a- . The region of invalid ity  vanishes in the lim it 
as 7^ —* O
Finally, i t  can be shown that 
J  j \ [ 4 -  (x‘ + A*)k  -  2.x ( l  4 (x * + A * ffc ) T\* +  z*  (x*+ I?)'**  +  T f ]
) ________ Cx*-* A *)*_______________  ____________
“  ^ J =  Ef  y*fx (x*+ A*) -  i x  (A* 4 (x*-+A‘)*4.) _ T^z*-x\ > (A,T)
<
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where X. is  given by equation (A.6 ). From equation (A.3) and (A.7 ),
6 t  ( E ) can be shown to be
£ m =  \\n e * A * k f  (1-x)* z *  /(x-x.) i x ax_____________
1 Ef (x*+ (* * + * )-  ill*(A -+  c T f x * x } , ( a . 8)
The expression f in a lly  obtained is
,  ( e n _  s L-  x  ( E » _  e * ) h (A. 9)
for < E. £  H- Ef  ( 1 + A*)*4 and £a(E)» o for other values of
E . Hence, a careful evaluation of the lim it yields the same result 
as equation (Ul) except d irectly  at the energy gap, where the lim it is  
not defined.
I t  can be shown that the Kramers-Kronig relation for €^(0 ) 
and € j . ( u j )  is  sa tis fied  through the use of equation (A.8 ) .  In addition, 
the agreement with the sum rule is  the same as that obtained in equation
( 5 2 ) .
B. Three-Band, Penn-Type Model
The purpose of th is  appendix is  to  estimate the effect of 
including more energy states on the -f -sum rule. The approach is  to  
employ a nearly-free-electron, three-band model that i s  isotrop ically  
extended to three dimensions (see figure 9 ).
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For th e  m odel, th e  gap a t  2. kp h as  heen  a r b i t r a r i l y  s e le c te d  
t o  be e q u a l t o  th e  g a p , E j  , a t  k f  • The wave fu n c t io n s  an d , 
a c c o rd in g ly ,  th e  e n e rg ie s  have been  a r b i t r a r i l y  p ic k e d  t o  c o rre sp o n d  t o  
a  n e a r l y - f r e e - e l e c t r o n  m odel and a r e  a s  fo llo w s :  
f o r  k <  k* t
I V- (  1 ~  t l  1
~  r [ i + ( j  ,
where
Pi >
r + 4 * ] ^
and ( B .l )
f o r  kF <  k <  VF }
where P k =
and (B .2 )
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-  - i * k r % -z  -  -i* e
f o r  k F <  |c <  2  k F t
1 ^ “ , . , - s  .  y - - / i  -  ■*;
i { t ) y  - } j r  { — r r r r w w
■i A
where J ~  =  — ;---------  -x- and (B.3)
and f o r  2k?  <  k <  3 k P ;
1 < * > >  =  c i  +  ( - i t n * 4  )
where ^ . = 4: A > (B.U)
The s u b s c r ip ts  1 ,  2 and 3 r e f e r  t o  t h e  energy  hand w h ile  th e  s u p e r s c r ip t s
X  and u r e f e r  t o  th e  lo w er and u p p er h a l f  o f  hand 2 . I f  E k x  and
« - i  M ju
E ^  a re  exam ined a t  k » -s  k p , i t  i s  found t h a t  %=3A  Ep .
S ince  A i s  u s u a l ly  e q u a l to  0 .1  o r  l e s s ,  th e  e n e rg ie s  d i f f e r  hy - f - A E ,
which i s  l e s s  th a n  0 .1  E ^  • These e n e rg ie s  a r e  in  f a i r l y  good a g re e ­
ment c o n s id e r in g  th e  f a c t  t h a t  a r b i t r a r i l y - s e l e c t e d ,  n e a r l y - f r e e -  
e le c t r o n  wave fu n c t io n s  and t h e i r  c o rre sp o n d in g  e n e rg ie s  w ere u se d .
l+o
B efo re  th e  m a tr ix  e lem en ts  can be c a lc u la te d  f o r  th e  Umklapp p ro ­
c e s s e s ,  an approx im ate  e x p re s s io n  f o r  th e  m a tr ix  e lem en ts t o  f i r s t  
o rd e r  in  «j ( t h a t  i s ,  f o r  sm a ll ^ ) m ust be e s ta b l i s h e d .  I t  can
be shown t h a t
f o r  sm a ll ej . F o r p o s i t i v e  f r e q u e n c ie s ,  th e  e x p re s s io n  f o r  
can be w r i t t e n  as
where th e  wave fu n c t io n s  and e n e rg ie s  a re  g iv en  by e q u a tio n s  ( B . l )  
th ro u g h  (B.1+). The m a tr ix  e lem en ts  m ust now be c a lc u la te d .  The 
f i r s t  m a tr ix  e lem en t h as  been  c a lc u la te d  f o r  th e  tw o-band m odel, b u t  
i t  i s  c a lc u la te d  h e re  t o  p rove  th e  v a l i d i t y  o f  ou r a p p ro x im atio n  f o r  
sm a ll <t .
0%4<k<kF)
( o £  k<VtF)
(B.6)
k l
where x  *  1 ------, z  =  c o s  6 , 0 =  a n g le  betw een k
and <{ and 7^=  . T hus, th e  approx im ate  e x p re s s io n  f o r  th e  m a tr ix
e lem en t f o r  sm a ll e| y i e ld s  th e  same r e s u l t  a s  th e  c a lc u la t io n  p e r ­
form ed b e fo re  w here d i r e c t  a lg e b r a ic  m a n ip u la tio n  was u se d . The o th e r  
m a tr ix  e lem en ts  a r e  g iv en  by
✓ I Tl f t  (* + * )*
<  e  l - \  -  p l x  -  x ( ( l - K ^ + ^ ) k +
i  (B .8 )
x T r r r ^ r F T 1 +7^ 5 7 ?-
a n d
S  \L I - ‘1*r  I A X  ~  PjL 0-+ *)z
0 * , i U  - ~ ' , « >  =  h ^ + ( x*+a‘ ;
c i + ( s n n i + ( W ) ^  .
5 « r
(B .9)
The p a ra m e te rs  o f  th e  m a tr ix  e lem en ts  can be w r i t t e n  as fo llo w s :
where 0 ^ X — 1
From e q u a tio n s  (B.6)  th ro u g h  ( B . 9 ) ,  6a.CE) can he shown t o  he
=  - f
j .  f l < r v > r b - * ' U * <•( i e » [ i - « - e )
4  4  E,: t >  -  * -  2. C ( l - * r +  -fc )*- + C x f + ) * J  [ 1 +  +  ^ “(*^3  ( B . l l )
x
Z1 ((TMf (H+wni-*T<U f{iEF[a-x-vi((1-xr+|A’^ + e] ^
4 I ef j>-x +j.((i-x)t H i‘)V + (x*+*)ky [ i+crwni.l+
where C = ^ u i .
Now t h a t  an e x p re s s io n  h a s  heen  o b ta in e d  f o r  €* .(£ ) , th e  
/  -sum  r u l e  can  he i n v e s t ig a t e d .  I t  can he shown t h a t
k3
2-A
+  A* 1*3 j^~V * ^  ^  * f  ( f - (*))*Xl- * * T
■f
X / f  r - x  -  x  ( a - x f  + i A ‘/ ' + (« '+ i‘ ^ ] [ l  +  ( r M ) ] [ i + ( - r M)‘J  (B .12 )
+  i f 1 ( f - M r ( ^ w r ( i - * ‘ f  j «
X v f z - x  + 2 ( ( l - x ) *  +  4 i f ^ I + ( x - + 4 * ^ [ l  +  ( f - W r ] [ l  +  ( ' ' W ] ]
F or A = 0*1 » th ro u g h  th e  use  o f  e q u a tio n  (B .10) th e  fo llo w in g  r e s u l t  
i s  o b ta in e d  by e v a lu a t in g  th e  second  and t h i r d  i n t e g r a l  n u m e r ic a l ly ,
* (
E €,.(£) <1E = °**3*  E? •
For a l l  i n t e n t s  and p u rp o se s , t h i s  i s  th e  same r e s u l t  o b ta in e d  w ith  th e  
tw o-band Penn m odel. T h e re fo re , th e  in c lu s io n  o f  a d d i t io n a l  bands does 
n o t  im prove th e  s i t u a t i o n  as  f a r  as s a t i s f y i n g  th e  - f  -sum  r u l e  i s  con­
c e rn e d .
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p r e d ic te d  by th e o ry .
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8. The r e a l  p a r t  o f  th e  d i e l e c t r i c  c o n s ta n t  i n  th e  lo n g  w aveleng th  
l i m i t  ( ^ o ) f o r  germ anium , as m easured  o p t i c a l l y  and as  p r e ­
d ic te d  by th e o ry  (w ith  th e  Van V echten c o r r e c t io n  f o r  c o re  d 
s t a t e  e f f e c t s  in c lu d e d ) .
9 . E le c tro n  energy  as a  fu n c t io n  o f  wave number f o r  a  th re e -b a n d , 
P en n -ty p e  m odel.
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